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Abstract 
 

Mathematics is an important discipline of study. Students mostly faced problems in understanding 
mathematical concepts. There are many reasons behind these problems. Many methods and techniques 
have been used to find the nature of the difficulties faced by students. The cognitive diagnostic 
assessment is a relatively new method of formative evaluation. The present study was aimed at finding 
the cognitive problems of students in some topics of matrices like “Order of Matrices, Addition and 
Multiplication of Matrices” by using a new method called the facet method. For that purpose, Grade 9 
students of the district Rawalpindi were selected as a sample. The test was developed and administered 
by the researcher. Data were analyzed by using a rubric made by the researcher and tabulated in 
percentages. The findings of the study revealed that students faced cognitive problems at the knowing, 
applying, and reasoning levels about the order of matrices, addition, and multiplication of matrices. On 
the basis of the findings, it was concluded that serious attention should be given to the cognitive 
problems of the students. Since one mathematical concept is related to the other. Based on findings it 
was recommended that detailed investigations may be required to dig out the causes of the cognitive 
problems of students in certain topics of matrices like “The order of matrices, addition, and 
multiplication of matrices.  
 
Keywords: The cognitive Diagnostic assessment, Facet Method, Order of Matrices, Addition and 
Multiplication of Matrices. 

 
Introduction  
 
At the secondary level, particularly, mathematics is regarded as a subject of utmost importance. Students 
should understand the fundamentals of mathematics so that they can handle more difficult concepts with 
ease. A new method called the cognitive diagnostic assessment helps to better comprehend students' 
mastery of fine-grained knowledge points by integrating measuring objectives into the cognitive process 
model through cognitive analysis (Wu, Zhang, Wu, & Chang, 2021).  The cognitive diagnostic assessment 
(CDA) is an alternative test that can provide teachers with a detailed image of students' cognitive 
structures and learning processes so that they can develop instructional strategies that are tailored to 
each student's needs (Huan, Meng, Lian, & Mee, 2022). Tasuoka's study served as the foundation for early 
research in the field of cognitive diagnostics. Tasuoka outlined the network of procedural abilities 
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necessary to solve addition and subtraction problems involving decimal fractions in her article (Standiford, 
Klerin, & Tasuoka, 1982). She then introduced the idea of the rule space Model (Tatsuoka, 1983). Item 
response theory served as the foundation for the rule-space approach. Later, many additional 
professionals worked to organize the notion of the cognitive diagnostic examination. 
 
Among them, Dibello, Stout, and Roussos (1995), who presented the unified model, are significant names 
(Dibello, Stout, & Roussos, L. A., 1995). Today, a variety of approaches and procedures are used to 
measure pupils' cognitive abilities. The attribute hierarchy model was introduced by Leighton, Gierl, and 
Hunka (2004) and developed from the rule space model. The majority of research has been focused on 
developing original items that can test higher-order cognitive abilities. Performance-based evaluation and 
computer-based evaluation are two examples of these cutting-edge techniques for item design (Bennett, 
Steffen, Singley, Morley, and Jacquemin 1997; Bennett, 1999; Bennett and Bejar 1998; Sireci and Zenisky 
2006). Embretson worked to develop task decomposition and representation (Embretson, 1999; Gorin, 
2005; Sheehan, 1997; Sheehan, Ginther, & Schedl, 1999). 
 
The facet method was introduced by Minstrell in 1992 for the formative evaluation of physics. The 
fundamental idea in this very complex process is referred to as a facet, component, or fragment of 
knowledge. The knowledge of the students on that specific concept or facet is then assessed using 
statements based on this concept. The teacher thus gains insight into the students' conceptual 
development. 
 
Understanding the fundamentals of mathematics is crucial for secondary school students because, when 
they enter colleges or universities after completing their secondary education, they will need to be able to 
use these fundamentals in order to comprehend increasingly complex mathematical ideas. The 
Assessment System in Pakistan's annual report (Foundation. S., 2016) states that paper-and-pencil tests 
make up the majority of the assessment used in schools. The Board of Intermediate and Secondary 
Education (BISE) administers the SSC and HSSC annual exams, but the focus of these tests is primarily on 
students' remembering skills (Foundation O.S, 2016). A deep understanding of pupils' abilities and 
knowledge in many topics is lacking. According to a study by Akhtar and Saeed (2018), the assessment 
systems for the Secondary School Certificate (SSC) and O levels are very different from one 
another(Akhtar & Saeed, 2018). 
 
International assessment system, like PISA and TIMSS, is now becoming more prevalent. International 
evaluations are exemplified by these systems. These international assessment schemes have not yet 
included Pakistan. Before participating in any international assessments, we must modify our assessment 
processes.  
 

Objectives of the Study 
 
The objectives of the study were:  
 
1. To develop a test for the cognitive diagnostic assessment based on the facet method on the order of 

matrices, addition, and multiplication of matrices for secondary school students. 
2. To administer the cognitive diagnostic assessment test based on the facet method, which covers the 

order of matrices, addition, and multiplication of matrices at the secondary school level. 
3. To assess the cognitive problems of the students in the topics of the order of matrices, addition, and 

multiplication of matrices at the secondary school level. 
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4. To find out the students’ cognitive problems about the order of matrices, addition, and multiplication 
of matrices at the secondary school level. 

 

Significant of the Study 
 
The present study will be helpful for teachers and students to understand the cognitive problems of the 
students related to the order of matrices, addition, and multiplication of matrices so that students can 
improve their concepts in the order of matrices, addition, and multiplication of matrices and the teachers 
can improve their teaching method to make the teaching-learning process more effective. Concept 
clarification is a very important step for the understanding of mathematics, especially at the secondary 
level.  
 
The present study will be significant for teachers as they may get knowledge about the cognitive problems 
of students regarding the order of matrices, addition, and multiplication of matrices at the secondary 
level. Simple multiple-choice examinations and questions of the kind of "answer the following questions" 
are insufficient to provide thorough details regarding pupils' cognitive issues. Therefore, cognitive 
diagnostic testing will be useful in identifying these gaps in students' thinking, and via their responses, 
teachers can evaluate their own methods. 
 
It will be significant for test developers and teachers to become familiar with new ways of formative 
assessment. The curriculum designers and teacher educators will find it useful so that the new 
assessments will benefit their students. Mostly, the software is used to conduct cognitive diagnostic tests 
(G-DINA utilized R Package and Ox code, DINA model used R Package, etc.), and it might be challenging for 
teachers to comprehend the intricate psychological theories. There was a dire need for some simple and 
easy methods to carry out the cognitive diagnostic assessment in the classroom. The present study is an 
attempt to use a relatively simple method (facet method) to carry out the cognitive diagnostic 
assessment.  
 

Literature Review 
 
The cognitive diagnostic assessment can be defined as “development in psycho-educational measurement 
which helps assessment researchers examine test takers’ mastery of specific sub-skills with greater 
specificity” (Aryadoust, 2011). The main focus of cognitive diagnostic assessment (CDA) is put on 
measuring specific knowledge structures and processing skills in students to provide information about 
their cognitive strengths and weaknesses (Leighton & Girl, 2007). 
 
The cognitive Diagnostic Assessment (CDA) can be traced back to the writings of scholars such as Messick 
(1989) on test validity and Snow and Lohman (1989) on cognitive psychology. Not directly mentioning 
CDA, Messick (1989) highlighted the significance of inferring information about test-takers mental 
processes from the scores they got from a test. Nichols (1994), Paul Susan, and Robert (1995), thereafter, 
coined the term cognitively diagnostic assessment to refer to implementing the cognitive diagnosis in the 
context of education (Leighton & Gierl, 2007). Before that, the work on cognitive Diagnostic Assessment 
(CDA), and cognitive psychology had already opened new horizons in the field of psychometrics, 
emphasizing measuring “mental abilities. The cognitive diagnostic assessment can be defined as 
“development in psycho-educational measurement which helps assessment researchers examine test 
takers’ mastery of specific sub-skills with greater specificity” ( Aryadoust , 2011). The main focus of 
cognitive diagnostic assessment (CDA) is put on measuring specific knowledge structures and processing 
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skills in students to provide information about their cognitive strengths and weaknesses (Leighton & Gierl, 
2007). 
 
Facet can be defined as “the particular feature or aspect of something”. The facet method for formative 
evaluation was introduced by Jim Minstrell in 1992. Minstrell and his coworkers used the facet method for 
evaluating the physics concepts of students at high school (Minstrell. J 1992). Later on, a project was 
started with the support of the National Science Foundation at the University of Washington. Support for 
the development of DIAGNOSER was received from the James S. Mc Donnell Foundation (MInstrill, Roe, & 
Hunt, 2004). Now all the details and prepared worksheets and notes for physics are available on the 
website Diagnoser.com. It is a systematic method in which each topic or concept has termed as a facet 
and has been given a specific number. Suppose the main topic has been given the numbers 10, 20, 30, and 
so on while the sub-topics under main topic 10 are labeled as 11, 12, 13, and so on. After that special 
statements were made against each concept in a specific way and each statement leads the teacher to 
diagnose the conceptual problems of the students. 
 
Minstrell and his coworkers introduced software that mediates the discussions with an online textual 
newsgroup-like system that has special features to support a pedagogical approach that deals explicitly 
with student preconceptions. The name of the system is INFACT-FORUM, and it is part of a larger CSCL 
system called INFACT that supports student discussion, computer-assisted assessment, display of student 
progress data, and support for pedagogical intervention (Minstrell, et al., 2002).  Minstrell in one of his 
articles explained the importance of the facet method with the help of different examples (MInstrill, Roe, 
& Hunt, 2004). Interesting research was conducted by Minstrell and his coworkers in explaining the 
concept of the use of energy in the 21

st
 century. The finding of the study exhibited that the material 

available on the website site Diagnoser was very helpful in constructing a sustainable foundation for 
thinking and learning about energy in the 21

st
 century (Minstrell, Vokos, & Seeley 2014). His method is 

complicated but can be explained in detail the cognitive pattern of students in a particular topic. 
(Minstrell & Kraus, 2001). The research conducted by Hidayanti (2020) depicted that students made some 
mistakes in solving matrix problems, namely the results of matrix multiplication, the sum of the matrix, 
the writing of negative signs, and the writing of the matrix form. Few pieces of research were available 
about the learning problems of students in “Matrices”. Some researchers explained that certain models 
were helpful for teaching and learning “Matrices”. Zahara, Murni, and Hutapea (2020) found that Borg 
and Gall’s model is effective for a better understanding of basic concepts of matrices  
 
The assessment systems in Pakistan are mainly based on evaluating the memorization abilities of the 
students. The findings of the study conducted by Amin (2015) exposed that in addition to the board 
examinations, the formative classroom assessments must be improved and properly designed to enhance 
the students’ learning. The present study was conducted to use that facet method for the cognitive 
diagnostic assessment of the students at the secondary level for finding the cognitive problems of 
students about “order of Matrices, Addition, and Multiplication of Matrices”. It would be an innovative 
work in research and would be considered a new addition to the field of cognitive diagnostic assessment 
with the use of the facet method at the secondary level in the subject of mathematics in Pakistan. 
 

Methodology of the Study 
 
The study's goal was to conduct a facet-based cognitive diagnostic evaluation. A formative evaluation with 
a content-specific focus is the cognitive diagnostic exam. To conduct a cognitive diagnostic evaluation, 
three levels of the cognitive domain were chosen. Knowing, Applying, and Reasoning were those stages. 
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Topics order of matrices, addition, and multiplication of matrices had been selected, data was then 
gathered, and analysis was done. 
 

Research Design 
 
The present research was quantitative research. The test was developed and administered. A survey 
method was used for data collection. 
 
Population  
 
The overall number of students enrolled in secondary schools in Punjab is 1,370,058, according to the 
Report on Annual School Senses 2017–18. About 386,503 students attend secondary schools in the district 
of Rawalpindi (Punjab, 2018). District Rawalpindi has 104 government high schools (Punjab, 2018). The 
population of the current study was regarded as consisting of all secondary school students. 
 
Sample and Sampling Technique 
 
There are 104 high schools in the district of Rawalpindi (Government of Punjab, 2018). A cluster sampling 
technique was used to select the number of schools. A list of the schools was taken from the Schools 
Education Department Punjab and 20 schools were selected randomly. Each school was considered a 
cluster. All the Grade 9 students from selected schools were the sample of the study. Nearly 400 students 
were the estimated sample of the study by using Solvin s’ formula. But the final sample was 350 students  
 
Instrumentation 
 
The test was prepared by the researcher and was used as the instrument for the cognitive diagnostic 
assessment of the students in mathematics. The test was constructed on the following topics selected 
from the mathematics book of secondary school.  
 
Test construction Procedure by Using Facet Method 
 
The following steps were followed for the test construction. According to the facet method, the main 
topic of each chapter was termed a basic facet and the sub-topics of each chapter were called the facet 
cluster. Test items were constructed according to each cluster. 
 
Theoretical Framework for Test Construction 
 
The theoretical framework of test item construction was as follows. 
 
 
 
 
 
 
 
 
 

Figure 1: Details of Facet Method 

Sub concept (Facet) 20 

Basic concept (Facet) 

Sub concept (Facet) 30 

Facet clusters 

Sub Concept (Facet) 10 
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The basic three domains were the same as given by TIMSS (International Mathematics and Science Study) 
assessment test. For the present study, the book published by the Punjab Text Book Board for 
Mathematics of Grade 9  (Dar & Haq, 2021) was selected. 
 
Three levels of cognitive domains were selected for the present research which were “Knowing, Applying, 
and Reasoning”. All the questions in the test were in the form of MCQs (Multiple choice questions) based 
on the facet method. 
 
Validity: Validity was done by experts and subject teachers 
Pilot test 
Pilot testing was carried out on 30 students which were not the part of the sample of the study. 
Reliability: Reliability was calculated and found to be 0.81. 
 
Test 
 
Chapter 1: Matrices and Determinants 
 
The present was constructed from chapter 1. The chapter was titled "Matrices and Determinants." This 
chapter was broken down into 6 primary facets, which were then further subdivided into facets. Below 
are the specifics of the facets and sub-facets. 
 
Facet 110   Introduction to Matrices, Facet 120   Types of Matrices, Facet 130    Addition and subtraction 
of Matrices, Facet 140    Multiplication of Matrices, Facet 150 Multiplicative Inverse of a Matrix, Facet 160     
Solution of Simultaneous Linear Equation        
 
For the present research, the questions related to facets 120, 130, and 140 were selected and their data 
analysis had been discussed. There was a total of 6 questions related to facets 120, 130, and 140 in the 
given test. 
 
Data Collection 
 
Data were collected by the researcher herself and with the help of three secondary school teachers. These 
teachers were trained before administering the tests.  
 
Data Analysis 
 
The rubric for the test was made. The test was taken from the students and was marked by the researcher 
according to the rubric. Through the marking of the test, the cognitive problems were tabulated. Lists of 
the cognitive problematic topics and the cognitive problems were made. The problematic topics and the 
cognitive problems were reported in percentages. 
 

Analysis of data 
 
Q-1 The matrix [ 2    4] is called a rectangular matrix because 
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Table 1:  Details of students’ Responses in Q-1 

Options Statement of options 
No of students selected 

these options 
Percentage 

A The number of rows and columns are same 
 

18     5.143% 

B The number of rows is greater than the 
number of columns 
 

19 5.543% 

C The number of columns is greater than the 
number of rows 
 

134      38% 

D The number of rows and columns are not 
equal. 
 

172       49.143% 

E I did not know Nil 0% 
F If you have any other answer please write. 7 2% 
G Not given response Nil 0.3% 

  
The above table shows the detail of the responses given by the students. The first question which is 
mentioned above was related to the knowledge of the concept of rectangular matrices. The correct 
option was “c”. Option “d” was also correct but not as much accurate as option “c”. From the above data, 
it is clear that nearly 5% of the students have no idea about the rows and columns of a matrix. 5% of the 
students were unable to distinguish between the elements of rows and columns. 38% of the students 
chose the correct options. This shows that 38% of the students had a fair knowledge of the rows and 
columns of the matrix. While 49% got the concept that in rectangular matrices the number of rows and 
columns are not equal. 2% of the students wrote some other explanations.   
 

Table 2: Analysis of students’ Explanations in Q-1 

S. No Students’ Responses No. of students Analysis of students’ 
responses. 

1 Matrix A has only one row 2 Correct Statement but 
not comprehensive 

2 Because there is one column 3 Wrong Statement 
3 The number of columns is more than the 

number of rows.  
2 Correct statement 

(Same as option “c”) 

 
The above table shows the details of the responses written by the students to the given question. A total 
of 7 students had written their own explanation out of which 3 students were wrong in their explanation 
about the number of rows and columns. 2 had given correct responses but they could not explain the 
statement well while 2 had written the same explanation as given in option “c’. 
  

Table 3: Overall Performance of students in Q-1 

Questions of 
test -1 at 

knowing level 

Percentage of 
students selected 

correct option 

Percentage of 
students 

selected wrong 
options 

Percentage of 
students selected 
wrote their own 

explanation 

Percentage of students 
selected option I did 
not know or did not 

respond 

Q-1 38% 60% 2% Nil 
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Table 3 shows the details of students’ responses in Q-1. 38% of the students had given correct responses 
while 60% of the students had given wrong responses. 2% of the students had written their own 
explanation.0% of the students either did not respond or selected the option that they did not know 
about the answer. 
 
Q-2 was related to the knowing level of the cognitive domain. The facet of knowledge was 113 which was 
about the order of the matrix. 
 

Q-2:  The order of the matrix A = [
   
   
  

] is 

 
Table   4:  Details of Students’ Responses in Q-2 

Options Statement of options 
No of the students 

selected these options 
Percentage 

A 
3-by-2 because the number of rows is 3 and the 
number of columns is 2 

280 80% 

B 
2-by-3 because the number of rows is 2 and the 
number of columns is 3 

11 3% 

C 
2-by-3 because the number of columns is 2 and 
the number of rows is 3 

18 5% 

D 
3-by-2 because the number of columns is 3 and 
the number of rows is 2 

32 9% 

E I did not know 3 1% 
F If you have any other answer please write. 1 0.3% 

 Not Answered 5 1.7% 

 
The above table indicates the responses of the students to question 2. That question was about the order 
of the matrix. The correct option was “a”.80% of the students had selected the correct option. 17% of the 
students had selected the wrong options. One student had given his own explanation while 1.7% (5) 
students did not respond to the question. 1% (3) of students said that they had no idea about the order of 
the matrix. 
 

Table 5: Analysis of students’ Explanations 

S. No Students’ Responses No. of students Analysis of students’ 
responses. 

1. 3-by-3 because the number of rows is 
3 and the number of columns is 3. 

1 Wrong Explanation 

 
Table 5 shows the explanation written by a student in order to give a response to Q-2. That student had 
given the wrong explanation. 
 

Table   6:  Overall Performance of Students in question 2 

Questions of 
test -1 at 

knowing level 

Percentage of 
students selected 

correct option 

Percentage of 
students 

selected wrong 
options 

Percentage of 
students selected 
wrote their own 

explanation 

Percentage of students 
selected option I did 
not know or did not 

respond 

Q-2 80% 17% 1% 2% 
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The above table shows that 80% of the students had selected the correct option. 17% of the students had 
selected the wrong options. One student had given his own explanation while 2% (5) students did not 
respond to the question. 1% (3) of students said that they had no idea about the order of the matrix. 
Question 3 was related to the applying level of the cognitive domain. The facet of knowledge was 131 
which was about the addition and subtraction of matrices. The sub facet for the addition of matrices was 
131.  
 

Q-3        If A = [
  
  

]       and       B = [        ]    then 

 
Table 7: Details of Students’ Responses in Q-3 

Options Statement of options 
No of students 
selected these 

options 
Percentage 

A 
A + B is possible because both the matrices have 
same the number of rows and columns. 

7 2% 

B 
A + B is not possible because the number of rows 
in matrix A are more than the number of rows in 
matric B 

77 22% 

C 
A + B is possible because the number of columns 
in matrix A are more than the number of columns 
in matrix B. 

32 9% 

D 
A + B is not possible because the number of rows 
and columns of both the matrices is not same 
(both the matrices have different order).  

112 32% 

E 

A + B is not possible because although the number 
of columns is same but the number of rows is not 
same. For the addition of matrices, the number of 
rows and columns of both the matrices should be 
same. 
(More comprehensive then d) 

111 

32% 

F I did not know Nil 0% 

G If you have any other answer please write. 7 2% 

 Not Answered 4 1% 

 
In the above table, the responses of the students for question 3 have been tabulated. The correct options 
were “d” and “e”. but option “e” was more accurate and comprehensive than option “d”. The question 
was about the addition of the two matrices having different order. 32% of the students chose option “d” 
while 32% of the students chose option “e”. 33% of the students chose the wrong options. 2% of the 
students had written their own explanations. 1% of the students did not respond to the question. 
 

Table 8: Details of Students’ Explanations in Q-3 

S. No Students’ Responses No. of students Analysis of students’ 
responses. 

1. Both “d” and “e” be the right answer 3 Correct explanation  
2. Both “b” and “d” be the right answer. 2 Incorrect explanation. 
3. A+B is possible if they have the same 

order. 
2 Correct explanation. 
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The above table shows the statements written by the students in order to give a response to question 
four. 3 out of 7 students had written the correct explanation while the remaining four had explained 
wrongly. 
 

Table 9: Overall Performance of Students in Question 3 

Questions of 
test -1 at 

Applying level 

Percentage of 
students 
selected 

correct option 

Percentage of 
students 

selected the 
wrong options 

A percentage of 
students selected 
wrote their own 

explanation 

Percentage of 
students selected 

option I did not know 
or did not respond 

Q-3 64% 33% 2% 1% 

 
The table 9 demonstrates the performance of the students in Q-3. From the table, it is clear that 64% of 
the students had selected the correct response while 31% responded wrongly. 2% had written their own 
explanation and 1% had selected the option that they had no idea about addition of matrices. That 
question was based upon the applying level of the cognitive domain.  
 
Q-4 was related the applying level of the cognitive domain. And it was related to facet 140 which was 
related to the multiplication of matrices. 
 

Q-4        If    A = [
  
  

]    and   B = [ 3     7]     then 

 
Table 10: Details of Students’ Responses in Q-4 

Options Statement of options 
No of students selected 
these options 

%age 

A 
A×B is possible because both the matrices have same 
the number of rows and columns. 

21 6% 

B 
A×B is possible because the number of rows in matrix A 
is greater than the number of rows in matrix B. 

42 12% 

C 
A×B is possible because the number of columns in 
matrix A is greater than the number of columns in 
matrix B. 

21 6% 

D 
A×B is not possible because the number of rows in 
matrix A is greater than the number of rows in matrix 
B. 

66 19% 

E 
A×B is not possible because for multiplication the 
number of columns in matrix A must be equal to the 
number of rows in matrix B. 

140 
40% 

F 
A×B is not possible because, for multiplication, the 
number of columns in matrix A is greater than the 
number of columns in matrix B. 

14 
4% 

G 
A×B is not possible because, for multiplication, matrix A 
and matrix B must have same the number of rows. 

10 
2.7% 

H 
A×B is not possible because matrix A and matrix B must 
have same the number of columns. 

16 
4.8% 

I I did not know 4 0.9% 

J If you have any other answer please write. 10 2.8% 

 Not Answered 6 1.8% 
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Table 10 shows the responses of the students to question 4. That question was related to the 
multiplication of the matrices having different orders. The correct option was “e”. 40% of the students 
selected the correct option while almost 54% of the students chose the wrong options.  2.8% (10) of 
students had written their own explanations. 0.9% of the students said that they had no idea about the 
multiplication of matrices. 1.8% (6) of students did not respond to the question. 
 

Table 11: Analysis of students’ Explanations in Q-4 

S. No Students’ Responses No. of 
students 

Analysis of students’ 
responses. 

1. AXB is not possible because the number of 
columns in A are equal to the number of 
rows in B. 

4 Correct explanation. 

2. AXB is not possible because the order of 
both the matrices is not same. 

4 Correct but not 
comprehensive explanation 

3. AXB is possible if no. of columns in A are 
equal to the number of columns in B. 

2 Wrong explanation. 

 
The above table shows the responses of the students to the question 4. 10 students had written the 
explanation. 4 out of 10 had explained correctly. The statement of the 4 students was correct but not 
comprehensive while two students explained wrongly. 
 

Table 12: Overall Performance of Students in Q-4 

Questions of 
test -1 at 

Applying level 

Percentage of 
students 
selected 

correct option 

Percentage of 
students 

selected wrong 
options 

Percentage of 
students selected 
wrote their own 

explanation 

Percentage of students 
selected option I did 
not know or did not 

respond 

Q-4 40% 54.5% 2.8% 2.7% 

 
Table 13 indicates the details of students’ responses in Q-4. That question was related to the applying 
level of the cognitive domain. 40% of the students had selected correct response. 54.5% of the students 
had selected wrong responses. 2.8% of the students had written their own responses while 2.7 had 
selected the options they “did not know” or did not respond. 
 
Q-5 was related to the applying level of the cognitive domain. The basic facet of knowledge was 140 which 
was related to the multiplication of matrices.  
 

Q-5   If    A = [
   
  

]     and      B =  [
 
  
]      then 

 
The below table shows the responses of the students to question 5. That was also related to the 
multiplication of the matrices of different orders. The correct option was “g”. 66% of the students had 
chosen the right option while 30% of the students select the wrong options. 2.5% (9) students had written 
their own explanation. 2.5% (9) did not respond to the question. 
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Table 13:  Details of Students’ Responses in Q-5 

Options Statement of options 
No of students 
selected these 
options 

%age 

A 
A×B is possible because both the matrices have same the 
number of rows and columns. 

7 2.5% 

B 
A×B is possible because the number of rows in matrix A is 
greater than the number of rows in matrix B. 

10 3% 

C 
A×B is possible because the number of columns in matrix A 
is greater than the number of columns in matrix B. 

49 14% 

D 
A×B is not possible because the number of rows in matrix 
A is greater than the number of rows in matrix B. 

14 4% 

E 
A×B is not possible because for multiplication, the number 
of columns in matrix A is greater than the number of 
columns in matrix B. 

14 4% 

F 
A×B is not possible because for multiplication, matrix A 
and matrix B must have same the number of rows. 

4 0.9% 

G 
A×B is possible because for multiplication the number of 
columns in matrix A must be equal to the number of rows 
in matrix B. 

231 66% 

H 
A×B is not possible because matrix A and matrix B must 
have same the number of columns. 

3 0.9% 

I I did not know Nil 0% 

J If you have any other answer please write. 9 2.5% 

 
Table 14:   Analysis of students’ Explanations in Q-5 

S. No Students’ Responses No. of 
students 

Analysis of students’ 
responses. 

1. A×B possible no. of rows in A are equal to no. of 
rows in B. 

2 Wrong explanation 

2. A×B is not possible as the number of rows of 
matrix A are greater than the number of columns 
of matrix B. 

2 Wrong explanation 

3. Option “c” and option “g” are correct  1 Wrong explanation 

4. A×B is not possible because the number of rows in 
matrix A are greater than the number of columns 
in matrix B. 

4 Wrong explanation 

 
The above table shows the details of the explanation written by the students in order to give response to 
Q-5. All of 11 students had written the wrong explanation. 
 

Table 15: Overall Performance of Students in Question 5 

Questions of 
test -1 at 

Applying level 

Percentage of 
students selected 

correct option 

Percentage of 
students selected 

wrong options 

Percentage of 
students selected 
wrote their own 

explanation 

Percentage of students 
selected option I did not 
know or did not respond 

Q-5 66% 29% 2.5% 2.5% 
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Q-5 was about the multiplication of matrices which formed facet 140. That question was based on 
applying level of the cognitive Domain. 66% of the students had responded the question correct while 
22% of the students responded wrongly. 2.5% of the students had written their own explanation and 2.5% 
of the students had selected the option they did not know or they did not respond. 
 
Q-6 was related to the reasoning level of the cognitive domain. Q-6 included the facet 140 which was 
about the multiplication of matrices. 
 

Q-6 The product of [ x    y] [
 
  
] is 

 
Table 16: Details of Students’ Responses in Q-6 

Options Statement of options 
No of the students 

selected these options 
%age 

A 
-2x + 3y because rows and columns are multiplied 
together 

18 5% 

B 
3x – 2y because rows and columns are multiplied 
together 

305 87% 

C 
3x + 2y because rows and columns are multiplied 
together 

7 2% 

D 
2x -3y because rows and columns are multiplied 
together 

5 1.2% 

E I did not know 6 2% 
F If you have any other answer please write. 3 0.8% 

 Not Answered 6 2% 

  
The table 16 shows the details of the responses of the students to Q-6. That question was about the 
finding the values of unknown variables with the help of matrix multiplication. The correct option was “b”. 
87% of the students had selected the correct option. 8% of the students had selected wrong options. 2% 
of the students selected the option that they did not know about the answer. 0.8% (3) students had 
written their own explanation. 2% (6) students did not respond to the question. 
 

Table 17:  Analysis of Students’ Explanations 

S. No Students’ Responses No. of 
students 

Analysis of students’ 
responses. 

1 solution is not possible because the number of rows 
of one matrix are not equal to the number of columns 
of another matrix. 

2 Wrong explanation 

2 Because order is not same so, solution is not possible 1 Wrong Explanation 

 
Three students had written the explanation of the Q-6 by themselves. All of three had explained wrongly. 
  

Table 18: Overall Performance of Students in Question 6 

Questions of 
test -1 at 

Reasoning level 

Percentage of 
students selected 

correct option 

Percentage of 
students selected 

wrong options 

Percentage of 
students wrote 

their own 
explanation 

Percentage of students 
selected option I did not 

know or did not 
respond 

Q-6 87% 8% 1% 4% 
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The above table showed that 87% of the students had selected the correct option. 8% of the students had 
selected the wrong options. 2% of the students selected the option that they did not know about the 
answer. 0.8% (3) of students had written their own explanation. 2% (6) of students did not respond to the 
question. 
 

Findings 
 
The following findings emerged from the present study 
 

1. Analysis of the responses to question 1 depicted that 38% of the students had selected the 
correct option. The remaining 62% of the students either selected the wrong option or did not 
respond (Table 1). A total of 7 students had written their own explanations. 3 students were 
wrong in their explanation about the number of rows and columns. 2 had given correct but not 
well-explained statements. While 2 had written the same as the given option “c” (Table 2).  

2. Q-2 was related to the knowing level of the cognitive domain and included facet 113 which was 
about the “order of a matrix”. Analysis of students’ responses showed that 80% of the students 
selected the correct option. 17% of the students selected the wrong options. One student had 
given his own explanation while 1.7% of students did not respond to the question. 1% of students 
said that they had no idea about the order of the matrix (table 4). The explanation written by the 
student exposed that the explanation was wrong (table 5).   

3. Q-3 was related to the applying level of the cognitive domain. It included facet 131 which was 
about the “Addition of Matrices”. This question had two correct options. 64% of the students had 
selected the correct options. 33% of the students selected the wrong. Only1% of the students did 
not respond to the question (table 6). Further analysis of students’ explanations showed that 3 
out of 7 students had written the correct explanation. While the remaining four had explained 
wrongly (table 7). 

4. Q-4 was related to the applying level of the cognitive domain. The facet of knowledge included in 
Q-4 was Facet 140 which was about “Multiplication of Matrices”. 40% of the students had 
selected the correct option. While 54.5% of the students selected the wrong options. 2.8% of 
students had written their own explanation. 0.9% of the students said that they had no idea 
about the multiplication of matrices. 1.8% of students did not respond to the question (table 
4.4). Further analysis of students’ explanations showed that 4 out of 10 had explained correctly. 
The statement of the 4 students was correct but not comprehensive. While two students 
explained wrongly (table 8) 

5. Q-5 was again about the multiplication of matrices. It was also related to the cognitive problems 
of the students at applying level and facets of knowledge were Facet 140 multiplication of 
Matrices. 66% of the students had chosen the correct option. Almost 29% of the students 
selected the wrong options. 2.5% of students had written their own explanation. 2.5% of 
students did not respond the question (table 9). Further analysis of students’ explanation showed 
that all of 11 students had written the wrong explanation (table 10).  

6. Q-6 was related to the reasoning level of the cognitive domain and was related to facet 140 
which was about “Multiplication of Matrices”. 87% of the students had selected correct 
response. 8.2% of the students selected wrong responses. 2% of the students selected the option 
that they did not know. 0.8% of students had written their own explanation. 2% of students did 
not respond to the question (table 11). The analysis of students’ explanations showed that all of 
these students had explained wrongly (table 12).  
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Discussion  
 
The results of the study revealed that students faced cognitive problems in “Order of Matrix”, “Types of 
Matrix”, “Row Matrix”, Rectangular Matrix”. The order of the matrix is the fundamental concept in 
matrices. It is very important for the students to understand and identify the rows and columns of a given 
matrix. If initially, they are unable to identify rows and columns then, they are also unable to carry out 
multiplication in matrices. Some students had written that “matrix A has only one row” (As a response to 
a given question) which was right but did not say anything about another matrix so that explanation was 
incomplete and partially right. Some students had written that “there was only one column” which was 
the wrong explanation.  
 
The question (Q-2) related to the facet “Order of Matrices” was well attempted by the students. Students’ 
results exhibited that they had a clear idea about the order of matrices. That result was contradicted by 
the previous results. But when it was deeply analyzed it could be seen clearly that the nature of Q-2 was 
different from Q-1 which was also related to the order of matrices. Q-1 was containing two concepts 
together; one was the order of matrices and the second was the types of matrices the facets were 113, 
120, and 121 while Q-2 was related to only one facet which was 113 about the order of matrices. It could 
be explained on that grounds that when simply asked the question about the order of matrices then, it 
was easy for students to reply. But when questions were asked about the order of matrices in relation to 
the types of matrices then students had cognitive problems. It was also justifying the results of questions 
related to the addition and multiplication of matrices.  
 
The facet “Multiplication of Matrices” was also poorly responded by the students. Multiplication of 
matrices depends on a certain condition which was A×B is not possible because for multiplication the 
number of columns in matrix A must be equal to the number of rows in matrix B. Many students had 
selected the wrong options. Most of the options were having partial right part but the reasons were 
wrong. Many students selected the wrong options. The selection of these wrong options revealed that 
students had cognitive problems at the knowledge level about the order of matrices as indicated by the 
responses about “Order of Matrices”. So, students were unable to correctly respond to "Multiplication of 
Matrices." If the knowledge level of cognition is weak, then that leads toward the failure of the students 
to apply it correctly in complicated situations. Students were unable to identify the number of rows and 
columns of matrices, and unable to understand the types of matrices and the conditions required for the 
multiplication of matrices. 
 
The present research disclosed the same results as depicted by Hidayanti (2020). Students exhibited 
problems in multiplications, addition and subtraction but the present study also indicated the possible 
reasons which were that students exhibited problems in that facets because they had poor knowledge 
about order of matrices, row matrices and column matrices.  
 
Few researches were available about the learning problems of students in “Matrices”. Some researchers 
presented that certain models were helpful for teaching and learning “Matrices”. Zahara, Murni, and 
Hutapea (2020) found that Borg and Gall model is effective for better understanding of basic concepts of 
matrices. The research conducted by Spotts, Gutierrez, and Antonio (2020) displayed that flipped 
classroom model is helpful in increasing the students’ performance in matrices.  
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Conclusions  
 
1. Students had cognitive problems at the knowing level about the order of matrices, types of matrices, 

and row and column matrices, as indicated by the results; if the knowledge level of cognition is not 
properly addressed then it led toward failure of students at applying level. 

2. On further narrowing the cognitive problems it was concluded that the order of simple and single 
matrices was well understood by the students as shown by the results of Q-2. But, when two matrices 
of different order had been added or multiplied then students’ responses were not up to the mark 
which revealed that main the cognitive problem of students is at knowing level about the order of 
different matrices which leads to the failure of multiplication and addition of matrices of different 
orders at applying a level of the cognitive domain. 

 

Recommendations  
 
In the light of findings and conclusions of the study, the following recommendations are being made. 
 
1. Teachers may carry out a diagnostic assessment so that students’ cognitive problems may be known 

and solved timely. To solve these problems teacher may explain again the problematic topics to the 
students and may give more questions for practice. 

2. Teachers may revise such topics in the class again and again. The teacher may use different methods 
to explain the concept of the order of matrices in relation to the multiplication of matrices. 

3. Further research may be conducted to find the reasons for these cognitive problems of students. 
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